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In the real algebra W(G) over a certain kite group, the operator exp is detined. 
A condition is stated on exp J which is necessary and sticient for J in I(G) 
to be non-negative (where J is viewed as a function G + 9). Physically, this 
amounts to a condition on the correlations of a generalized system of Ising 
spins which is necessary and sticient for the ferromagnetism of the system. 
INTRODUCTION 
Let N = {I ,..., n} and let (ul ,..., a,} be a generalized system of Ising 
spins with Hamiltonian 
# = - c J(A) UA, 
.4CN 
where, for any subset A of N, 
aA = n ui (2) 
isA 
and J(A) E W (the real numbers) is the many-body potential. The system 
is called ferromagnetic if J(A) > 0 for each non-empty A C N. In refer- 
ence [2], hereafter referred to as (KS), the following problem is stated: 
Find conditions on the correlations r(A) = (oA) which are necessary and 
sufficient for ferromagnetism. In that paper, a condition equivalent to 
ferromagnetism is given in terms of the Fourier transform of the function n; 
Theorem 1 below restates this condition. In this note, we translate that 
* This research was partially supported by the National Science Foundation under 
grant GIL2059 and the U. S. Air Force OEce of Scientitic Research under grant 
AFOSR-68-1415. 
326 
cCJ 1972 by Academic Press, Inc. 
A CONDITION EQUIVALENT TO FERROMAGNETISM 327 
into a condition on r itself, stated in terms of a sum of products 
7r(Bl) *** @J, each product bearing a coefficient equal to the permanent 
of a certain matrix. (The result is given as Theorem 2 below.) 
ABSTRACT FORMULATION 
In (KS) it is shown that the numbers J(A) and n(A) = (uA) are naturally 
associated with a certain real group algebra, as follows: 
Let G denote the group (2N, A) of subsets of N under symmetric differ- 
ence. (The identity is the empty set O, and each member of G is its own 
inverse.) The real group algebra W(G) will be viewed here as the vector 
space of all functions G + 9, with multiplication given by convolution: 
(f* g)(A) = c f(B) gwm 
BEG 
The multiplicative identity is the function 8 for which S( 0) = 1 and 
S(A)=OwhenA# ra. 
Define the operator exp on 9?(G) by 
(It was shown in Section 11 of (KS) that exp is well-defined; that is, that 
the series in (4) converges when applied to any A E G.) 
Now if the “many-body potential” J(A) is viewed as a member J of 
k@(G), then it happens that 
+,,,) = (exp J)(A) 
@P JW) 
[(KS), equation (11.13)]; moreover, judicious choice of J(0) (whose 
value does not affect the physical nature of the system) will guarantee 
(exp J)(a) = 1. 
Thus the problem stated in the introduction is reduced to the following: 
Given J E g(G), find conditions on exp J which are necessary and sufficient 
for J(A) to be non-negative for each non-empty A E G. 
STATEMENT OF THE RESULT 
For any two subsets A and B of N, define 
UBA = uAB = (-l)lA”BI, (6) 
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where 1 R j denotes the cardinality of R. The identity 
aAAB = AG B 
C “c c (7) 
is easily checked. Define, for subsets A and B of N, 
A+={CCN:oAC= I}, 
A- = {C _C N : u,.,c = -I>, 
A+B+={CCN:a,c= 1 and ugc = l}, 
and similarly for A+B-, A-B+, A-B-. 
LEMMA 1. (i) If A # 0, then 1 A+ 1 = 1 A- [ = 2+l. (ii) If A and B 
are unequal, non-empty subsets of N, then each of the four families A+B+, 
A+B-, A-B+, A-B- has 2”-= members. 
(This lemma appears in Section 3 of (KS).) Note that A+ and A+B+ are 
subgroups of G and each of the other families is a coset. Thus we have 
LEMMA 2. If B E A-, then A- = (EAB : EEA+}. 
The characters of G are the functions uA : B I-+ aAB; and so the Fourier 
transform off E 92(G) is given by 
f(A) = c WY@). 63) 
BEG 
Now let JE W(G) and define, for A E G, 
44 = (ev J)(A). (9) 
From Theorem 12.1 of (KS), from the proof of 12.1, and from the state- 
ment following the proof, can be gleaned 
THEOREM 1. For R # 0, J(R) > 0 ifund onZy zj- 
To interpret (10) in terms of the function 7r, we adopt the following 
notations: Fix R E G, R # o ; let Rf = {El ,..., En}. By Lemma 1, k = 2+l; 
let R- = {Fl ,..., Fk}. For any unordered k-tuple p = {Bl ,..., BK} of (not 
necessarily distinct) members of G, deline 
A/L = B,d **. ABK (11) 
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and let CL! be the number of permutations 4 of {l,..., k} for which 
&I ,..a, &I = & ,..., &I. 
For example, if k = 8 and t.~ = {A, A, A, B, B, C, D, E}, then Ap = 
AACADAEandp! = 3!2! I! l! l!.Alsodefinethek x kmatrixoffl’s 
A4 u,R = k@l. (12) 
THEOREM 2. .7(R) 2 0 if and only if 
(13) 
the sum extending over unordered k-tuples ~1 = (4 ,..., Bk) of members of 
G satisfying Ap = R. 
PROOF OF THEOREM 2. With the notation we have established, (10) is 
equivalent to ER - OR > 0, where 
Similarly 
(14) 
Now (14) can be rewritten 
the sum extending over all unordered k-tuples ~1 = {Bl ,..., Bk}, where 
(17) 
Here + ranges over all distinguishable permutations of (Bl ,..., Bn). 
Similarly, 
OR = c B&B,) *** r(B,) (18) 
Y 
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Now Lemma 2 says that, for any i = I,..., k, 
PI ,..., Fk} = {E&lF, ,..., E&IF,}. 
Thus, for each i = 1, .., k, 
That is, we have 
(19) 
(20) 
(21) 
w 
From (22) it follows that 
(i) if flp = a, then B, = A,,; 
(ii) if dp = R, then B, = -A,, . 
If 4~ = A where A # o and A # R, then Lemma 1 implies that exactly 
half of the numbers CT?,..., uR Fk are + 1 and the other half are - 1; so 
(iii) if Ap # o or R, then B, = A, = 0. 
Combining (16), (18), and (i)-(iii) above, we see that ER - OR > 0 if and 
only if 
C A&4) ..- r(B,) > 0. (23) 
Au-R 
Finally we note that, if instead of (17) we form, for a hxed ~1, 
(24) 
the sum extending over all permutations of {l,..., k} rather than over dis- 
tinguishable permutations of {B, ,..., Bk}, we obtain p! A, . But (24) is 
exactly per(M,,,); thus Theorem 2 is proved. 
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Remarks. For the case n = 2, condition (13) reduces to the Griihths 
inequalities (see [l] and (KS)). That is, if we denote {I) by A and (2) by B, 
then Theorem 2 gives 
44 2 0 iff vr( 0) n(A) 3 r(B) nfAdB); 
J(B) 3 0 iff VT( 0) n(B) 3 n(A) rr(AdB); 
J(N) 2 0 iff m( 0) n(N) 3 r(A) T(B). 
For n > 3, of course, (13) is not only unlike the Griffiths inequalities, 
it is also quite unwieldy. The evaluation of permanents of matrices of 
fl’s is a subject that seems to have received scant attention. 
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